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Of the five abelian groups of order 81. three are known not to contain a 
(81, 16, 3) difference set. We prove that the remaining two groups behave similarly. 
Consequently, two of the missing entries in Lander’s table can be tilled with a 
negative response. ‘51 1986 Academrc Press, Inc. 
1. INTR00ucT10~ 
We assume familiarity with the theory of difference sets (for instance, see 
[3,4, 61). Lander [6] gives an excellent treatment of difference sets and 
their multipliers. He concludes by giving all possible triples (u, k, A) that 
satisfy the basic equation A(u - 1) = k(k - l), Schutzenberger’s theorem, the 
Bruck-Ryser-Chowla theorem, and k d v/2. For a fixed such v, Lander 
considers all possible abelian groups of order u and obtains 268 such triples 
when k d 50. Of these, 65 correspond to known difference sets, 178 are 
shown not to exist, and 25 are undecided. In this paper, we fill two of the 
missing entries in Lander’s table by proving (81, 16, 3) difference sets do 
not exist in Z, x Z, x Z, and in Z, x Z9. 
2. PRELIMINARIES 
In this section we state some well-known results on multipliers of a dif- 
ference set. We begin by stating the celebrated theorem of Hall [4, 51. 
THEOREM 2.1 (Hall’s multiplier theorem). Let D be a (u, k, A) dzjjference 
set in an abelian group G. Let p be a prime which divides n but does not 
divide v. (Here n = k - 1.) If p > A, then p is a multiplier of D. 
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THEOREM 2.2 (McFarland and Rice [7]), Let D be a (u, k, A) difference 
set in an abelian group G. The group of numerical multipliers fixes at least 
one translate of D. 
Using the above two theorems, one can investigate the existence or non- 
existence of a (u, k, 2) difference set. A hypothetical difference set D with 
parameters (u, k, ,?), without loss of generality, can be assumed to be fixed 
by a known multiplier t of D. (Otherwise, D can be replaced by such a 
translate of D.) Then D must be the union of some of the orbits of G under 
(X I-+ tx). By arguing carefully, one can either construct such D or prove 
that D cannot exist. 
Lander’s table for the (81, 16, 3) case leaves two cases corresponding to 
the cases Z, x Z, x Z, and Z, x Z, undecided. We use the above-mentioned 
approach coupled with properties of intersection numbers to settle these 
two cases negatively. We close this section by mentioning a few results on 
intersection numbers. 
Let D be a (u, k, J.) difference set in an abelian group G. Let H be a sub- 
group of G of index m in G. Let G/H = {H,, H, ,..., H, _ 1 }, where H, = H. 
Define si = ID n HiI for i = 0, 1, 2,..., m - 1. Then the numbers si are called 
the intersection numbers of D relative to H. The following proposition can 
be easily proved (see [ 1, 21). 
PROPOSITION 2.3. With si as above, 
(i) Cy=-OO’ si= k, and 
(ii) Cy&‘$=k-A+A IHI. 
3. (81, 16, 3) CASE 
PROPOSITION 3.1. (8 1, 16, 3) difference set does not exist in 
z,xz,xz,. 
Proof: Let G=Z,xZ,xZ, and H= (0) xZ3xZg. Then H is a sub- 
group of G of index 3. If possible suppose that there exists a (81, 16, 3) dif- 
ference set, say D, in G. By Hall’s theorem, 13 would then be a multiplier of 
D. Define H,=H+(i,O,O) for i=O, 1,2. Then G/H= {H,, H,, Hz}. 
Define si= [Dn H,I for i=O, 1,2. 
By Proposition 2.3, s0 + s, + s2 = 16 and ss + s: + si = 16 - 3 + 3(27) = 
94. The only solutions of these two equations are permutations of (3, 6, 7). 
Without loss of generality, we can assume that D is fixed by the multiplier 
13. We now examine the orbits of G under (x H 13x). We observe that 
each Hi (i= 0, 1,2) is fixed setwise under (X ++ 13x). Let Co,@, denote the 
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orbits of G, Hi (i = 0, 1, 2) under (X H 13x). Then 0 is a disjoint union of 
the Q’s Furthermore, Co, = U,‘=, 0,, where 
oii= { ((kj, O)j, {C&j, 3)}, {(L.L 6)}, 
{ (4 j, l), (i .i 4), (6 j, 7)}, 
{(i j, 2), (i, j, 5), (6 j, 8)> > for i=O, 1,2;j=O, 1, 2. 
D must be a union of some of the orbits from 9. By our earlier discussion 
on si’s, D picks up some orbits from some Q, say 0,*, 0 < i* d 2, union of 
which has 7 elements. But orbits in Co,,, have sizes 1 and 3 (in fact, Q* has 9 
orbits of size 1, and 6 of size 3). 
Case 1. All the 7 elements of D n Hi, come from singleton orbits of 0;*. 
Case la. For exactly one j, say j*, 0 < j* d 2, all the 3 singleton 
orbits of O,.,j* are contained in D n Hi,. In this case, for the other two 
values of j, j# j*, D n Hi, picks up two singleton orbits from each 4*,i. 
Differences from singleton orbits of Oi*,j, yield (0, 0, 3) three times and dif- 
ferences in Oi.,,, j# j*, yield (0, 0, 3) twice more, making 2 3 5, which is a 
contradiction. 
Case lb. For two values of j all the singleton orbits of co*., are con- 
tained in D n Hi,. As in Case la, for each such j, (0, 0, 3) appears 3 times 
as d-d’, d, and d’ from those singleton orbits, making 12 6, a contradic- 
tion again. 
Case 2. Not Case 1. 
Case 2a. Two orbits of size 3 are contained in D n Hi.. Contradic- 
tion in this case in obtained by noting that differences from orbits of size 3 
yield (0, 0, 3) three times which would make 12 6. 
Case 2b. Exactly one orbit of size 3 is contained in D n Hi.. In this 
final case, the remaining 4 elements of D n Hi, must come from the 
singleton orbits of fiji*. By the pigeonhole principle, at least two of these 
elements must come from the same Oi*,j. The two differences d- d’ of these 
two elements yield (0, 0, 3) once and three more times (0, 0, 3) is obtained 
as differences from the orbit of size 3 that is contained in D n Hi., making 
A> 4. 
Hence D cannot exist, completing the proof of our proposition. 
PROPOSITION 3.2. (81, 16, 3) difference set does not exist in Z, x Z, . 
Proof The proof runs along the same lines as that of Proposition 3.1, 
so we only sketch it. 
Let G=Z,x Zg and H=(3Z9)xZ,. Then [G:H]=3. Define 
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Hi = H+ (i 0) for i = 0, 1, 2. With si, 0, 0,,, D as defined in Proposition 3.1 
(again, using 13 as a multiplier of D), we observe fief = UsZO C?i,j, where 
%j= { ((0, O)}, ((33 O)}, ((6, O)}, ((03 6)), 
((0, 3)), {(3,0% ((6, 311, ((3, 3)j, 
I(6 6))> ((0, 11, (0,419 (0, 7)}, ((0, 2), (0, 51, (0, Q}, 
((3, 11, (3241, (3, 711, { (3, 21, (3, 51, (3, Q), 
((6, 11, (641, (6, 711, ((6, 2), (6, 51, (6, V}}, 
and 
qj= oo,;+ (i, 0) for i= 1, 2. 
Values of si (i=O, 1,2) once again belong to { 3,6, 7). Define Hi. as 
jD n Hi.1 = 7. Various cases similar to those in Proposition 3.1 yield a con- 
tradiction to the fact iL = 3, by considering the element (0, 3) as d-d’, d, 
and d’ ED. The key observation is that differences from any orbit of size 3 
already give the element (0, 3) three times. Hence, no more than one orbit 
of size 3 from cQ*,~ can be contained in D n Hi.. The remaining elements 
come from the singleton orbits and no matter how those are picked, the 
element (0, 3) is obtained as a difference at least once if 4 elements come 
from singleton orbits, at least 4 times if all the 7 elements come from 
singleton orbits. 
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